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Abstract

Thermal and hydrodynamic character of a hydrodynamically developed and thermally developing flow in trapezoidal silicon microchannels is
analyzed. The continuum momentum and energy equations, with the velocity slip and temperature jump condition at the solid walls, are solved
numerically in a square computational domain obtained by transformation of the trapezoidal geometry. The effects of rarefaction, aspect ratio and
a parameter representing the fluid/wall interaction on thermal and hydrodynamic character of flow in trapezoidal microchannels are explored. It is
found that the friction factor decreases if rarefaction and/or aspect ratio increase. It is also found that at low rarefactions the very high heat transfer
rate at the entrance diminishes rapidly as the thermally developing flow approaches fully developed flow. At high rarefactions, heat transfer rate
does not exhibit considerable changes along the microchannel, no matter the flow is developing or not.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

A clear understanding of hydrodynamic and thermal behav-
ior of gaseous flows in microchannels has become a require-
ment as the micro-fluidic applications grow rapidly. The hy-
drodynamic and thermal characteristics of flow in microtubes
have been widely studied [1–5]. The one-dimensional charac-
ter of flow in microtubes makes the analysis simpler relative to
the flow in microchannels of non-circular shape, which requires
a two-dimensional analysis. The practically used microchan-
nels with non-circular cross section are those with rectangular,
trapezoidal and hexagonal (double trapezoidal) cross section
shapes. The shape of cross section is a result of microchannel
production technology. Morini et al. [6] describe the chemical
etching that is the most commonly used technique for building
microchannels on silicon wafers. The microchannels produced
by chemical etching directly on the silicon wafers have a cross-
sectional shape that depends on a variety of factors such as
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the crystallographic nature of the silicon used. When a photo-
lithographic process is employed, one can produce microchan-
nels with a cross-section fixed by the orientation of the silicon
crystal planes; for example, the microchannels etched in 〈100〉
and in 〈110〉 silicon using a KOH solution have a trapezoidal
cross section (with an apex angle of 54.74◦ imposed by the
crystallographic morphology of the 〈100〉 silicon) and a rect-
angular cross section, respectively.

In the past decade, a number of experimental and ana-
lytical works have conducted rectangular microchannel flows
[7–10]. However, literature is still poor regarding trapezoidal
and hexagonal microchannel flows. A summary of studies on
single phase flow, liquid or gas, in trapezoidal microchannels is
given below. The works dealing with single phase liquid flow
in trapezoidal microchannels is given first.

Wu and Cheng [11] measured, experimentally, the friction
factor of laminar flow of deionized water in smooth silicon mi-
crochannels of trapezoidal cross-section. It is shown that the
friction constant of these microchannels is greatly influenced
by the cross-sectional aspect ratio. Wu and Cheng [11] give a
correlation equation for the friction constant of a fully devel-
oped laminar flow of water in these microchannels in terms of
the cross-sectional aspect ratio.
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Nomenclature

a non-dimensional long base of microchannel
ai long base of microchannel
Ac cross sectional area
Ac,ξη non-dimensional cross sectional area
b non-dimensional short base of microchannel
bi short base of microchannel
cP specific heat
Dh hydraulic diameter (4Ac/Γi )
f fanning friction factor
Ft thermal accommodation coefficient
Fv tangential momentum accommodation coefficient
h convective heat transfer coefficient
h non-dimensional height of microchannel
hi height of microchannel
k thermal conductivity
Kn Knudsen number
�h heated perimeter of microchannel
Lh non-dimensional heated perimeter of microchannel
ni normal to the inside boundaries
n normal to the non-dimensional inside boundaries
Nu Nusselt number
Nu∞ fully developed Nusselt number
p fluid pressure
P normalized pressure gradient
Pr Prandtl number
q heat flux
R specific heat ratio

Re Reynolds number
T non-dimensional temperature
u non-dimensional fluid velocity
w fluid velocity
x, y, z transformed coordinates
X, Y , Z Cartesian coordinates

Greek symbols

α thermal diffusivity
α apex angle
β non-dimensional variable defined by Eq. (30)
βt non-dimensional variable defined by Eq. (4)
βv non-dimensional variable defined by Eq. (3)
γ aspect ratio
Γi Inside periphery of microchannel
Γ non-dimensional inside periphery of microchannel
λmfp molecular mean free path
μ dynamic viscosity
θ temperature
ξ, η, ζ non-dimensional coordinates

Subscripts

b bulk property
m mean value
s fluid property near the wall
w wall value
0 inlet property
Weilin et al. [12] investigated flow characteristics of water
through trapezoidal silicon microchannels experimentally. Ex-
perimental results of Weilin et al. [12] show that pressure gra-
dient and flow friction in microchannels are higher than those
given by the conventional laminar flow theory. They claim that
the measured higher pressure gradient and flow friction may be
due to the effect of surface roughness of the microchannels.

Weilin et al. [13] investigated also heat transfer character-
istics of water flowing through trapezoidal silicon microchan-
nels experimentally, with a numerical analysis extension. They
found that the experimentally determined Nusselt number is
much lower than that given by the numerical analysis. They
claim that the measured lower Nusselt numbers may be due
to the effects of surface roughness of the microchannel walls.
They propose a roughness-viscosity model to interpret the ex-
perimental data.

Wu and Cheng [14] have performed experiments to inves-
tigate the laminar convective heat transfer and pressure drop
of water in trapezoidal silicon microchannels. It is found that
the values of Nusselt number and apparent friction constant de-
pend greatly on different geometric parameters. The laminar
Nusselt number and apparent friction constant increase with the
increase of surface roughness and surface hydrophilic property.
Wu and Ping Cheng [14] give dimensionless correlations for the
Nusselt number and the apparent friction constant for the flow
of water in trapezoidal microchannels having different geo-
metric parameters, surface roughnesses and surface hydrophilic
properties.

Morini [15] carried out a work that deals with the analysis of
fully developed laminar liquid flow through silicon microchan-
nels with trapezoidal and double-trapezoidal cross sections. The
hydrodynamic flow parameters, including friction factor, are
evaluated numerically and given in the form of polynomial
functions, useful for a first evaluation of these parameters in-
stead of or before a CFD simulation approach.

Gas flow studies in trapezoidal silicon microchannels are
fairly rare.

Ding et al. [16] have conducted experiments to investigate
nitrogen gas flow characteristics through trapezoidal silicon mi-
crochannels. They found that the friction coefficient is no longer
a constant, which is different from the conventional theory.

Morini et al. [6] studied the rarefaction and cross-section
geometry effects on the friction factor of an incompressible
gasous flow in silicon microchannels having a rectangular,
trapezoidal and double-trapezoidal cross section. It is found that
for the trapezoidal and double-trapezoidal microchannels, the
influence of the aspect ratio on the friction factor is strong only
if the aspect ratio is less than 0.5.

The summary above shows that the hydrodynamic and ther-
mal aspects of liquid flow in trapezoidal microchannels have



L. Kuddusi, E. Çetegen / International Journal of Thermal Sciences 48 (2009) 353–362 355
already been studied. But, there exist only a few studies on
hydrodynamic aspect of gaseous flow in trapezoidal microchan-
nels and, nothing on thermal aspect. The present work is an
attempt to fill the literature gap in this regard. The paper ana-
lyzes both the hydrodynamic and thermal aspects of a gaseous
flow in the trapezoidal microchannels, with emphasis on the lat-
ter.

2. Slip flow effects in microchannel

A gaseous flow at low pressure or in a very small pas-
sage does not obey the classical continuum physics. Contrary
to the fluid flow in continuum physics, such a flow exhibits a
nonzero flow velocity at solid boundaries and a nonzero differ-
ence between temperatures of solid boundaries and flow near
solid boundaries. In other words, a slip flow and a tempera-
ture jump (non-equilibrium thermodynamics) will be present
at solid boundaries, which are major effects of rarefaction and
change in the physics of flow.

Consider a hydrodynamically developed and thermally de-
veloping steady flow in a trapezoidal microchannel. If the flow
pressure is low, or, the microchannel sizes are very small,
which is supposed to be the case in this paper, a slip flow
occurs. Different from non-slip flow, the flow velocity is no
longer zero at microchannel walls under slip flow. A molecular
flow with nonzero velocity at microchannel boundaries occurs.
Apart from nonzero flow velocity at the boundaries, a nonzero
difference between the temperatures of the boundaries and the
flow near the boundaries occurs as well. The local velocity and
temperature of the flow near the walls for slip flow are given by
Barron et al. [5], as

ws = βvλmfp
∂w

∂ni

∣∣∣∣
Γi

(1)

θs = θw + βtλmfp
∂θ

∂ni

∣∣∣∣
Γi

(2)

where ni and Γi denote the normal to the inside boundaries
and inside periphery of the microchannel, respectively, and the
parameters βv and βt are given as

βv = 2 − Fv

Fv

(3)

βt = 2 − Ft

Ft

2R

1 + R

1

Pr
(4)

The coefficients Fv and Ft are tangential momentum accom-
modation coefficient and thermal accommodation coefficient,
respectively. For real walls some molecules reflect diffusively
and some reflect specularly. These coefficients are defined as
the fraction of molecules reflected diffusively [17]. Depending
on the fluid, the solid and the surface finish these coefficients
vary from 0 to 1.

The effect of rarefaction on flow properties is quantified by
introducing the Knudsen number, which is defined as the ratio
of the mean free molecular path to the characteristic length of
flow field. The Knudsen number equal to zero corresponds to
non-slip flow with zero flow velocity and zero difference be-
tween the temperatures of the boundaries and adjacent flow. As
the Knudsen number takes a nonzero value, a slip flow with
nonzero flow velocity at the boundaries and nonzero tempera-
ture difference between the boundaries and adjacent flow takes
place. The higher Knudsen number causes higher rarefaction ef-
fects, namely, higher flow velocity and temperature jump at the
boundaries. Beskok and Karniadakis [18] give the classification
to differentiate the flow types. In this paper the concentration
is on the slip flow with the Knudsen number ranging from
0.001 to 0.1. The Knudsen number in trapezoidal microchan-
nel is defined as the ratio of the mean free molecular path to
the hydraulic diameter. Therefore, with the mean free molecular
path of gaseous medium at atmospheric conditions being about
0.1 µm [6], the given range for the Knudsen number limits the
scope of the study to trapezoidal microchannels with hydraulic
diameters ranging from 1 to 100 µm. Such microchannels may
be used in cooling of microelectronic devices.

The study in this paper is limited to incompressible flows.
According to Li et al. [19] the flow can be considered incom-
pressible for Mach numbers lower than 0.3. In order to obtain
the upper limit of Reynolds number for which the flow is in-
compressible, Morini et al. [6] give the following equation that
relates Reynolds number, Mach number and Knudsen number
in microchannel flow.

Re = Ma

Kn

√
πR

2
(5)

Keeping Mach number fixed at 0.3, this relation provides a pos-
sibility to determine the upper limit of Reynolds number for
which the flow can be considered incompressible for a given
Knudsen number. For example, the air flow in a microchannel
can be considered incompressible, for Reynolds number as low
as Re < 4.45 at upper limit of slip flow (Kn = 0.1), and for
Re < 445 at lower limit of slip flow (Kn = 0.001). The results
of the present study is valid for incompressible flow for which
the upper limits of Mach number and Reynolds number are ob-
tained as explained above.

3. Governing equations and modified boundary conditions

The flow is governed by the Navier–Stokes equations if the
continuum condition (very low Knudsen number, Kn < 10−3)
is satisfied. The continuum form of flow does not exist in a mi-
crochannel under slip flow. Therefore the slip flow solution by
using the Navier–Stokes equations may result in no negligi-
ble deviations in the hydrodynamic and thermal properties of
the flow. However, the general belief of the investigators is that
the Navier–Stokes equations may be used for slip flow solution
with high accuracy provided the boundary conditions are mod-
ified according to the slip flow characteristics. Modification of
the boundary conditions (nonzero flow velocity and tempera-
ture jump at the boundaries) removes the error raised by not
properly using the Navier–Stokes equations in slip flow solu-
tion.

3.1. Momentum equation

The geometry of trapezoidal microchannel is shown in
Fig. 1. The apex angle is equal to 54.74◦, which is dictated
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Fig. 1. The original geometry of trapezoidal silicon microchannel.

by silicon based microchannel manufacturing technology. The
momentum equation for an incompressible viscous flow in the
trapezoidal microchannel at steady state and hydrodynamically
developed condition is given as

∂2w

∂X2
+ ∂2w

∂Y 2
= 1

μ

dp

dZ
(6)

The momentum equation will be non-dimensionalized by im-
plementation of the following non-dimensional terms,

ξ = X

Dh

(7)

η = Y

Dh

(8)

ζ = Z

Dh

α

PwmDh

(9)

u = w

wmP
(10)

where the fluid mean velocity wm and the normalized pressure
gradient P are defined, respectively, as

wm = 1

Ac

∫
Ac

w(X,Y )dAc (11)

P = D2
h

wmμ

∂p

∂Z
(12)

Ac denotes the cross sectional area. The non-dimensional mo-
mentum equation is found as

∂2u

∂ξ2
+ ∂2u

∂η2
= 1 (13)

The modified hydrodynamic boundary condition, Eq. (1), is
also non-dimensionalized as

us = βvKn
∂u

∂n

∣∣∣∣
Γ

(14)

where the Knudsen number Kn is defined as

Kn = λmfp

Dh

(15)

3.2. Energy equation

The energy equation for an incompressible viscous flow with
negligible axial heat conduction in the trapezoidal microchan-
nel at steady state and thermally developing condition is given
as

∂2θ

∂X2
+ ∂2θ

∂Y 2
= w

α

∂θ

∂Z
(16)

The microchannel is heated from the top and the two side walls
with a constant heat flux q . The bottom wall is covered by a
Pyrex glass and is assumed to be adiabatic. The thermal bound-
ary conditions of flow are given as

∂θ

∂Y

∣∣∣∣
Y=0

= 0 (17)

k
∂θ

∂Y

∣∣∣∣
Y=hi

= q (18)

−k
∂θ

∂ni

∣∣∣∣
LeftWall

= q (19)

−k
∂θ

∂ni

∣∣∣∣
RightWall

= q (20)

θ |Z=0 = θ0 (21)

The energy equation and thermal boundary conditions will
be non-dimensionalized by implementation of the same non-
dimensional terms used for the momentum equation and,

T = θ − θ0

(qDh/k)
(22)

The non-dimensional energy equation and thermal boundary
conditions are found as

∂2T

∂ξ2
+ ∂2T

∂η2
= u

∂T

∂ζ
(23)

∂T

∂η

∣∣∣∣
η=0

= 0 (24)

∂T

∂η

∣∣∣∣
η=h

= 1 (25)

−∂T

∂n

∣∣∣∣
L.W.

= 1 (26)

−∂T

∂n

∣∣∣∣
R.W.

= 1 (27)

T |ζ=0 = 0 (28)

The modified thermal boundary condition, Eq. (2), is also non-
dimensionalized as

Ts = Tw + ββvKn
∂T

∂n

∣∣∣∣
Γ

(29)

where β is defined as [20],

β = βt

βv

(30)

4. Transformation of geometry

The momentum and energy equations with associated bound-
ary conditions, the set of Eqs. (13)–(14) and Eqs. (23)–(29),
are to be solved. Analytical solution of these equations in a
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Fig. 2. The non-dimensional trapezoidal and transformed square geometries.

trapezoidal geometry is not possible. Therefore a numerical so-
lution scheme will be applied. Application of a finite difference
scheme in the trapezoidal geometry of microchannel is some-
how difficult because of non-uniform mesh requirement on the
left and right boundaries. Transformation of trapezoidal geome-
try to geometry with uniform grid generation possibility would
simplify the application of finite difference scheme to the prob-
lem.

The following transformation [12] converts the trapezoidal
geometry of the microchannel to a square with side length equal
to unity. The non-dimensional trapezoidal and transformed ge-
ometries are shown in Fig. 2.

y = η

h
(31)

x = 2hξ − (a − b)η

2ha − 2(a − b)η
(32)

z = ζ (33)

Applying the transformation above to the momentum and en-
ergy equations (Eqs. (13) and (23)) leads to their transformed
form, respectively, as

C1
∂2u

∂y2
+ C2

∂2u

∂x2
+ C3

∂2u

∂y∂x
+ C4

∂u

∂x
= 1 (34)

C1
∂2T

∂y2
+ C2

∂2T

∂x2
+ C3

∂2T

∂y∂x
+ C4

∂T

∂x
= u(ξ, η)

∂T

∂z
(35)

where,

C1 = 1

h2
(36)

C2 = (a − b)2(2x − 1)2

4h2[a − (a − b)y]2
+ 1

[a − (a − b)y]2
(37)

C3 = (a − b)(2x − 1)

h2[a − (a − b)y] (38)

C4 = (a − b)2(2x − 1)

h2[a − (a − b)y]2
(39)

The transformed forms of the hydrodynamic slip flow boundary
condition (Eq. (14)) for the four microchannel walls are found
as

us |y=0 = βv Kn

[
(a − b)(2x − 1)

2ha

∂u

∂x
+ 1

h

∂u

∂y

]
y=0

(40)

us |y=1 = −βv Kn

[
(a − b)(2x − 1)

2hb

∂u

∂x
+ 1

h

∂u

∂y

]
y=1

(41)

us |x=0 = βv Kn

[
1 ∂u − cosα ∂u

]
(42)
[a − (a − b)y] sinα ∂x h ∂y x=0
us |x=1 = −βv Kn

[
1

[a − (a − b)y] sinα

∂u

∂x
+ cosα

h

∂u

∂y

]
x=1

(43)

The transformed forms of the thermal slip flow boundary con-
dition (Eq. (29)) for the four microchannel walls are found as

Ts |y=0 = Tw|y=0 (44)

Ts |y=1 =
{
Tw − ββv Kn

[
(a − b)(2x − 1)

2hb

∂T

∂x
+ 1

h

∂T

∂y

]}
y=1

(45)

Ts |x=0 =
{
Tw + ββv Kn

[
1

[a − (a − b)y] sinα

∂T

∂x

− cosα

h

∂T

∂y

]}
x=0

(46)

Ts |x=1 =
{
Tw − ββv Kn

[
1

[a − (a − b)y] sinα

∂T

∂x

+ cosα

h

∂T

∂y

]}
x=1

(47)

The transformed forms of the thermal boundary conditions
(Eqs. (24)–(28)) are also found, respectively, as[
(a − b)(2x − 1)

2ha

∂T

∂x
+ 1

h

∂T

∂y

]
y=0

= 0 (48)

(
(a − b)(2x − 1)

2hb

∂T

∂x
+ 1

h

∂T

∂y

)
y=1

= 1 (49)

1

[a − (a − b)y] sinα

∂T

∂x

∣∣∣∣
x=0

− cosα

h

∂T

∂y

∣∣∣∣
x=0

= −1 (50)

−1

[a − (a − b)y] sinα

∂T

∂x

∣∣∣∣
x=1

− cosα

h

∂T

∂y

∣∣∣∣
x=1

= −1 (51)

T |z=0 = 0 (52)

The set of Eqs. (34)–(52) will be solved numerically. Since the
momentum equation is uncoupled with the energy equation,
it will be solved first. The velocity field found by solution of
the momentum equation will be used in the solution of energy
equation in the next step.

Although the transformation above simplifies application of
finite difference scheme by introducing a uniform grid gen-
eration possibility but, on the other hand, it rises the alge-
braic complexity of the set of equations to be solved. Compare
the set of Eqs. (13)–(14) and Eqs. (23)–(29) with the set of
Eqs. (34)–(52).

5. Numerical solution

A finite difference scheme is applied to solve the momen-
tum and energy equations subject to the boundary conditions.
A square mesh with N × N nodal points, including the bound-
ary points, is used. The momentum and energy equations and
all the boundary conditions are expressed in discrete form by
applying a second order central difference scheme. Handling of
boundary conditions at the boundary nodal points, especially at
the corner points, requires an unusual treatment. In this study,
imaginary grid points are located just before the boundary
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points outside the computational region. This allowed apply-
ing the second order finite difference scheme to the boundary
points as well, which in turn resulted in higher accuracy of the
overall solution. The finite difference form of the momentum
equation and the boundary conditions are written for the nodal
points and the set of resulting N × N explicit linear equations
is solved to find the velocity field first. Once the velocity field is
known, one may have insight on hydrodynamic character of the
flow in the microchannel by performing calculations on friction
factor. The knowledge of velocity field allows solving the ex-
plicit finite difference form of the energy equation, subject to
the boundary conditions, written for the nodal points to find the
temperature field in the second step. The knowledge of velocity
and temperature fields enables one to have insight on thermal
character of the flow in the microchannel by performing cal-
culations on the Nusselt number. Both the friction factor and
Nusselt number that are the two major subject of studies in the
microchannels are calculated for the trapezoidal microchannel
at different geometrical conditions.

6. Calculations for friction factor and Nusselt number

The Poiseuille number f Re for a hydrodynamically devel-
oped laminar flow in the microchannel is calculated by [6],

f Re = − 1

2Ac,ξη

∫
Γ

∂u

∂n

∣∣∣∣
Γ

dΓ = P

2
(53)

where f represents the Fanning friction factor.
By non-dimensionalizing Eq. (11) one can find,

P = 1

um

(54)

where um is the non-dimensional fluid bulk mean velocity cal-
culated by

um = 1

Ac,ξη

∫
Ac,ξη

u dAc,ξη (55)

and where Ac,ξη represents the non-dimensional cross sectional
area of the microchannel.

Combining Eq. (53) with Eq. (54) gives

f Re = 1

2um

(56)

The local Nusselt number is calculated by

Nu(Z) = h(Z).Dh

k
(57)

An energy balance on the heated perimeter of a differential dZ

segment at a specified Z-cross section of microchannel leads to

q.�h dZ = h(Z).�h dZ.
[
θw(Z) − θb(Z)

]
(58)

where �h denotes the heated perimeter of the microchannel and
the fluid bulk temperature θb is defined as

θb(Z) = 1

Acwm

∫
w(X,Y )θ(X,Y )dAc (59)
Ac
The fluid bulk temperature may also be expressed in terms of
non-dimensional variables as

Tb(Z) = 1

Ac,ξηum

∫
Ac,ξη

uT dAc,ξη (60)

The wall temperature θw(Z) is assumed to be equal to the sum
of local wall temperatures averaged on the heated perimeter of
the microchannel,

θw(Z) = 1

�h

∫
�h

θw(X,Y )d�h (61)

This can also be non-dimensionalized to obtain the non-
dimensional average wall temperature Tw(Z) as

Tw(Z) = 1

Lh

∫
Lh

Tw(ξ, η) dLh (62)

where Lh denotes the non-dimensional heated perimeter of the
microchannel.

Combining Eq. (57) with Eq. (58) and using the non-
dimensional wall and fluid bulk temperatures result in Nusselt
number as

Nu(Z) = 1

Tw(Z) − Tb(Z)
(63)

The integrals appearing in expressions for the non-dimensional
wall and fluid bulk temperatures are approximated and calcu-
lated numerically.

7. Results and discussion

A computer program is developed to calculate the velocity
field, local temperature field, friction factor and local Nusselt
number along the thermally developing region of trapezoidal
microchannel. The analysis shows that the velocity field, local
temperature field, friction factor and local Nusselt number are
functions of the aspect ratio γ , the parameter β and the rarefac-
tion represented by (βvKn). The effects of these parameters on
hydrodynamic and thermal behavior of trapezoidal microchan-
nel are studied. The aspect ratio is defined as γ = hi/ai that
varies from a maximum value of 0.707 (triangular microchan-
nel) to a minimum value of zero (flat plate). The values in
between correspond to trapezoidal microchannels. The group
(βvKn), representing the rarefaction effect, ranges from 0.001
to 0.1 in slip flow. The parameter β is a function of the ther-
mal accommodation coefficient Ft , the tangential momentum
accommodation coefficient Fv , the specific heat ratio R and
the Prandtl number Pr. For most of engineering applications
both the Fv and Ft can be taken equal to unity, which lead to
β ∼= 1.667 for R = 1.4 and Pr = 0.7 [20]. Theoretically, β may
vary from zero to high values such as 100. The particular case
when β = 0 implies that the velocity slip at the solid boundaries
is taken into account but the temperature jump is not.

First, the solution method of the paper is validated by run-
ning the computer program for a microchannel with apex angle
changed from 54.74◦ to 90◦, which converts the trapezoidal
geometry to a rectangular one. The fully developed Nusselt
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Table 1
Fully developed Nusselt numbers for rectangular microchannel

Kn γ = 0.2 γ = 0.4 γ = 0.6 γ = 0.8 γ = 1

Nu Nu Nu Nu Nu

0.02 2.235 2.451 2.617 2.740 2.829
0.04 2.119 2.324 2.477 2.589 2.669
0.06 2.005 2.196 2.337 2.437 2.508
0.08 1.898 2.075 2.203 2.293 2.356
0.10 1.798 1.962 2.078 2.158 2.214

Table 2
Fully developed Nusselt numbers for rectangular microchannel obtained by
Kuddusi and Çetegen [21]

Kn γ = 0.2 γ = 0.4 γ = 0.6 γ = 0.8 γ = 1

Nu Nu Nu Nu Nu

0.02 2.292 2.462 2.597 2.698 2.770
0.04 2.189 2.333 2.444 2.526 2.585
0.06 2.072 2.196 2.289 2.357 2.406
0.08 1.955 2.062 2.141 2.198 2.240
0.10 1.843 1.936 2.004 2.053 2.088

Table 3
Poiseuille numbers for slip flow in trapezoidal microchannel

βvKn

0.020 0.040 0.060 0.080 0.100

γ 0.1 17.017 14.627 12.758 11.304 10.145
0.3 13.251 11.565 10.220 9.152 8.281
0.4 12.122 10.682 9.518 8.581 7.805
0.5 11.815 10.434 9.315 8.416 7.674
0.7 11.507 10.165 9.079 8.203 7.479

numbers for such a rectangular microchannel are obtained and
given in Table 1. The results agreed with those of Kuddusi and
Çetegen [21], given in Table 2, who studied heat transfer in rect-
angular microchannels. Note that the results of Kuddusi and
Çetegen [21] are for the 3S thermal version that corresponds
to the three heated walls in this work. The results obtained for
rectangular microchannel also agree well with the graphical re-
sults of Yu and Ameel [20]. The agreement between the results
is an evidence of validity of the solution method employed in
this paper.

In order to validate the solution method for trapezoidal mi-
crochannels too, the friction factor is calculated and compared
with the results of Morini et al. [6] who investigated the friction
factor in trapezoidal microchannel. The Poiseuille number that
is a representative of friction factor is calculated as a function of
aspect ratio γ and rarefaction represented by the group βvKn.
The results are given on Table 3. Fig. 3 compares the Poiseuille
numbers obtained in this work and those of Morini et al. [6] for
the case Kn = 0.1. The comparison shows that the Poiseuille
numbers obtained in this work agree well with those of Morini
et al. [6].

The fully developed values of the Poiseuille numbers for
continuum flow (no slip flow) are obtained by setting βvKn
equal to zero. Morini [15] also has given the fully developed
values of the Poiseuille numbers for continuum liquid flow in
trapezoidal microchannels by applying a numerical solution.
Fig. 3. Comparison of the Poiseuille numbers for slip flow in trapezoidal mi-
crochannel with those of Morini et al. [6] for the case Kn = 0.1.

Table 4
Comparison of Poiseuille numbers for continuum flow (Kn = 0) in trapezoidal
microchannel with those (numerical and correlation) of Morini [15]

Poiseuille numbers for continuum flow (Kn = 0)

Numerical results Correlation

This work Morini [15] Morini [15]

γ 0.047 21.952 22.174 22.144
0.156 18.464 18.650 18.648
0.211 17.072 17.244 17.236
0.293 15.425 15.565 15.553
0.414 13.950 14.063 14.053
0.522 13.545 13.654 13.653
0.707 13.202 13.308 13.306

Morini [15] has proposed also the following correlation for cal-
culating the fully developed values of the Poiseuille numbers
for continuum flow in trapezoidal microchannels.

f Re = 24 − 42.267γ + 64.272γ 2 − 118.42γ 3

+ 242.12γ 4 − 178.79γ 5 (64)

The fully developed values of the Poiseuille numbers for con-
tinuum flow obtained in this paper and those obtained by Morini
[15] numerically and calculated using the correlation of Morini
[15] are given in Table 4. The data on this table shows that the
Poiseuille numbers obtained in this paper agree well with both
the numerical results and correlation of Morini [15].

These validate the solution method, including the transfor-
mation of geometry and numerical scheme, applied for the
momentum equation. Further, validation of the solution for mo-
mentum equation establishes an assurance for the accuracy of
the solution for energy equation that employs the same trans-
formation of geometry and numerical scheme.

The data on Table 3 shows that the rarefaction has a decreas-
ing effect on the friction factor. The data also shows that the
friction factor decreases if the aspect ratio increases, however,
the rate of decrease in friction factor slows down for aspect ra-
tios higher than 0.5.

It should be noted that the theoretically obtained data for
friction factor disagree with the experimental data. Morini [22]
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Fig. 4. Variation of non-dimensional wall and fluid bulk temperatures along a
trapezoidal microchannel with β ∼= 1.667 and γ = 0.3 at a rarefaction equal to
βvKn = 0.06.

lists various reasons; rarefaction and compressibility effects,
viscous dissipation effects, electro-osmotic effects (EDL),
property variation effects, channel surface conditions (relative
roughness) and experimental uncertainties, that account for the
disagreement between theoretical and experimental data. The
apex angle in trapezoidal microchannels also affects the fric-
tion factor.

Fig. 4 shows the typical variation of non-dimensional wall
and fluid bulk temperatures along a trapezoidal microchannel
with β ∼= 1.667 and γ = 0.3 at a rarefaction equal to βvKn =
0.06. Since the three walls of the microchannel are subject to
a constant heat flux, an increasing wall and fluid bulk temper-
atures along the microchannel is expected. The figure satisfies
this expectation. The fluid enters the microchannel at a uniform
temperature θ0. This results in zero non-dimensional fluid bulk
temperature at the entrance. If a non-slip flow (βvKn = 0) was
considered, the non-dimensional wall temperature at the en-
trance would also be equal to zero. But, as Fig. 4 shows, a finite
difference between the wall temperature and fluid bulk temper-
ature at the entrance of the microchannel exists, which is the
result of temperature jump at the solid walls caused by the slip
flow in the microchannel. The finite difference between the wall
temperature and fluid bulk temperature increases along the mi-
crochannel in the thermally developing flow region and reaches
to a constant as the thermally developing flow approaches the
fully developed flow. The small finite difference between the
wall temperature and fluid bulk temperature is responsible for
experiencing very high heat transfer rate (Nusselt number) at
the entrance of the microchannel. The data found for the non-
dimensional wall and fluid bulk temperatures agrees, qualita-
tively, with that of Yu and Ameel [20].

The effect of rarefaction on local Nusselt number for ther-
mally developing flow in a trapezoidal microchannel with β ∼=
1.667 and γ = 0.5 is shown in Fig. 5. As expected, very high
heat transfer rates are experienced at low rarefactions in the
entrance region of the microchannel. As expected also, high
heat transfer rates at low rarefactions diminish rapidly as the
thermally developing flow approaches the fully developed flow.
Besides, high heat transfer rates in the entrance region of the
Fig. 5. Variation of local Nusselt number with rarefaction for thermally devel-
oping flow in a trapezoidal microchannel with β ∼= 1.667 and γ = 0.5.

Fig. 6. Variation of local Nusselt number for a thermally developing flow in a
trapezoidal microchannel with γ = 0.3 when the hydrodynamic effect of slip
flow is present but the thermal effect is very weak (β = 0.1).

microchannel lower intensely as the rarefaction increases. The
figure shows that the difference between heat transfer rates for
thermally developing and fully developed flows is not at consid-
erable values at high rarefactions. In other words, overall heat
transfer enhancement by high heat transfer rates in the entrance
region for macrochannels is not experienced for microchannels,
especially at high rarefactions.

Fig. 6 shows the variation of local Nusselt number for a
thermally developing flow in a trapezoidal microchannel with
γ = 0.3 when the hydrodynamic effect of slip flow is present
but the thermal effect is very weak (β = 0.1). Eliminating the
thermal effect of the slip flow, in other words, neglecting the
temperature jump at solid boundaries results in extremely high
heat transfer rates in the entrance region of the microchan-
nel even at rarefactions as high as βvKn = 0.10. However, the
heat transfer rate in the fully developed flow region of the mi-
crochannel lowers to the same order of magnitude as if the
temperature jump at the solid boundaries is taken into account.

The effect of the parameter β is given in Fig. 7 in much
diverse range. The figure shows the variation of local Nusselt
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Fig. 7. Variation of local Nusselt number in the thermally developing flow re-
gion of a trapezoidal microchannel with γ = 0.3 and with βvKn = 0.04 for
different values of the parameter β .

number in the thermally developing flow region of a trapezoidal
microchannel with γ = 0.3 and βvKn = 0.04 for different val-
ues of the parameter β . The heat transfer is high at the entrance
but decreases rapidly along the microchannel in the thermally
developing flow region for low values of the parameter β . In
other words, in the presence of a slip flow in the microchan-
nel with strong hydrodynamic but weak thermal effect, heat
transfer decreases rapidly from a maximum at the entrance to a
constant in the fully developed flow region. As discussed above,
weakening the thermal effect of rarefaction lowers the value of
temperature jump at the solid walls, which in turn causes to ex-
perience very high heat transfer rates especially at the entrance.
However, for a slip flow in the microchannel with very strong
thermal effect, the heat transfer rate does not exhibit a signif-
icant change along the microchannel. See the Nusselt number
variation for β = 10 in Fig. 7.

Although this paper analyzes the thermally developing flow
region, but it should not be forgotten that the contribution of
this region, despite its very high heat transfer rate, on the over-
all heat transfer performance of the microchannel is extremely
low, even negligible in long microchannels, due to short length
of the thermally developing flow region. Therefore, from prac-
tical point of view, in order to evaluate the overall heat transfer
performance of a microchannel it would be enough to evaluate
its performance in the fully developed flow region. Fig. 8 shows
the variation of Nusselt number (Nu∞) in the fully developed
flow region of a trapezoidal microchannel with β ∼= 1.667. The
decreasing effect of rarefaction on the fully developed Nusselt
number (Nu∞) is not surprising. The trapezoidal microchannel
is heated from the two side and top walls. As the aspect ratio
γ increases, the heated perimeter of the microchannel increases
as well. At the limit (γ = 0.707), the trapezoidal microchannel
changes to a triangular microchannel with the highest heated
perimeter. One can expect higher heat transfer in a trapezoidal
microchannel with higher heated perimeter (higher aspect ra-
tio). Also, one can expect the highest heat transfer in a trape-
zoidal microchannel with the highest aspect ratio, namely in
Fig. 8. Variation of Nusselt number (Nu∞) in the fully developed flow region
of a trapezoidal microchannel with β ∼= 1.667.

a triangular microchannel. The data in Fig. 8 is in conformity
with these expectations.

8. Conclusion

Thermal and hydrodynamic character of a hydrodynamically
developed and thermally developing flow in trapezoidal sili-
con microchannels is analyzed. The continuum approach with
the velocity slip and temperature jump condition at the solid
walls is applied to develop the mathematical model of flow
phenomenon in the trapezoidal microchannel. A numerical ap-
proach to the problem is unavoidable because analytical solu-
tion of the developed mathematical model is not possible in the
trapezoidal geometry. Therefore a finite difference scheme is
preferred in solution of the problem. A transformation is ap-
plied to remove the difficulty raised by non-uniform mesh in
the trapezoidal geometry. The transformation of trapezoidal ge-
ometry to a square provided ease of uniform mesh generating in
the computational domain but, at the same time, increased the
complexity of the mathematical model of the problem.

The solution method of the paper is validated twice. Since
the developed computer program has the flexibility to simulate
the flow in the trapezoidal microchannels with any given apex
angle, first, the thermally developing and fully developed Nus-
selt numbers are calculated for a rectangular microchannel by
changing the apex angle from 54.74◦ to 90◦. The results agreed
with those of Yu and Ameel [20] and Kuddusi and Çetegen [21]
who studied heat transfer in rectangular microchannels. This
is the first validation of the solution method. The agreement
between the results of Morini et al. [6] and Morini [15] who in-
vestigated the friction factor in trapezoidal microchannels and
those found in this paper validates the solution method for the
second time. However, the results found for thermal charac-
ter of flow are not validated because there exist no work in
literature that deals with thermal character of gaseous flow in
trapezoidal microchannels.

The paper explores the effects of rarefaction, aspect ratio and
a parameter representing the fluid/wall interaction on thermal
and hydrodynamic character of flow in trapezoidal microchan-
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nels. It is found that the friction factor decreases if rarefaction
and/or aspect ratio increase. It is also found that at low rarefac-
tions the very high heat transfer rate at the entrance diminishes
rapidly as the thermally developing flow approaches fully de-
veloped flow. At high rarefactions, heat transfer rate does not
exhibit considerable changes along the microchannel, no mat-
ter the flow is thermally developing or not.
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